Abstract: In this paper we present a singularity free trajectory tracking method for the cooperative working of multi-arm robot manipulators. It is based on an inverse kinematic transformation which determines the manipulator's joint angles corresponding to the end-effector trajectory given in the task space. The kinematic problem of multi-arm robot system is solved by using screw theory and quaternion algebra. Screw theory is an effective way to establish a global description of rigid body and avoids singularities due to the use of the local coordinates. Dual quaternion is the most compact and efficient dual operator to express screw displacement. Inverse kinematic solutions are obtained by using Paden-Kahan sub-problems. The proposed method is implemented using two Stiiubli TX60 robot arms and simulation results are given.
INTRODUCTION
Single-ann robot systems have limited manipulation ability and versatility [1], [2] . For instance, single-ann industrial robots can't perform their roles in the many fields in which operators do the job with their two ann s [3] . And also single arm robot systems can't manipulate bulky objects whose weight exceeds the working capacities of the robot manipulator [4] . However cooperative working of multi-ann robot systems can solve these problems. In these reasons, the needs for multi-ann robot manipulator are increasing in many industrial fields [3] . In addition to industrial robotics, medical robotics and humanoid robotics are also the main application areas of cooperative working of multi-ann robot systems [5] , [6] .
The main problem of cooperative manipulation is to fmd out the appropriate way to control the system of robots and object in the work space at any stage of cooperative work. The first crucial problem is kinematic uncertainty to solve this problem [7] . In cooperative working of multi-ann robot systems, a closed chain mechanism comes into existence from open chain mechanisms [8] . In general, closed-chain mechanism's kinematic problems are more difficult than open chain mechanism. However in cooperative working of multi ann robot system, the kinematic problem of closed-chain robot ann s can be solved by reducing the full kinematic problem into appropriate sub-open-chain kinematic problem. If all robot anns position and orientation can be determined 978-1-61284-985-0/11/$26.00 ©2011 IEEE 451 appropriately, closed-chain robot kinematic problem can be reduced into a serial robot ann kinematic problem. Then it can be easily solved by using the kinematic equations of serial robot ann . Several methods are used to solve kinematic problem of multi-ann robot systems [4] , [9] , [10] . These methods are based on differential kinematics and D-H convention which is the most common method in robot kinematics. Differential kinematics based solutions suffer from singularity problem and errors due to both long-term numerical integration drift and incorrect initial joint angles. D-H convention based solution methods also suffer from singularity problem [18] [19] . Another main method in robot kinematic is screw theory which is based on line transformations approach. In screw theory every transformation of a rigid body or a coordinate system with respect to a reference coordinate system can be expressed by a screw displacement, which is a translation by along a A axis with a rotation by a e angle about the same axis [11] . This description of transformation is the basis of the screw theory. There are two main advantages of using screw, theory for describing rigid body kinematics. The first one is that it allows a global description of rigid body motion that does not suffer from singularities due to the use of local coordinates. The second one is that the screw theory provides a geometric description of rigid motion which greatly simplifies the analysis of mechanisms [12] . Several application of screw theory has been introduced in kinematic. Yang and Freudenstein were the first to apply line transformation operator mechanism by using the dual-quatemion as the transformation operator [13] . Yang also investigated the kinematics of special five bar linkages using dual 3 x 3 matrices [14] . This transformation operator has 18 parameters while just 6 parameters are needed. M. Murr ay solved 3-DOF and 6-DOF serial ann kinematics by using screw theory with 4x4 matrix operator [15] . This transformation operator needs 16 parameters while just 6 parameters are needed for description of rigid body motion. J. Funda analyzed transformation operators of screw motion and he found that dual operators are the best way to describe screw motion and also the dual-quatemion is the most compact and efficient dual operator to express screw displacement [16] [17] . Finally E. Sariyildiz and H. Temeltas investigated the kinematic of 6-dof serial robot arms by using screw theory with quaternion and dual-quatemion operators [18] [19] .
In this paper, a singularity free trajectory tracking method for the cooperative working of multi-arm robot manipulators is proposed. The proposed method is based on screw theory and it uses dual-quaternion which is the most compact and efficient dual operator to express screw displacement as a screw motion operator. Thus, the proposed method provides a singularity free and computationally efficient trajectory tracking solution for multi-arm robot manipulators. This paper is included the mathematical preliminary for line transformation and quaternion algebra in section 2, screw theory by using quaternion algebra in section 3, the kinematic scheme of n-dof serial robot manipulator in section 4, cooperative working of dual-arm robots in section 5, simulation results of trajectory tracking application for cooperative working of dual-arm robot manipulator in section 6. Conclusions and future works are drawn in the fmal section. The representation L(p, d) is not minimal, because it uses six parameters for only four degrees of freedom.
Plucker Coordinates
An alternative line representation was introduced by A. Cayley and 1. Plucker. Finally this representation named after Plucker [20] . Plucker coordinates can be expressed as, 
Plucker coordinates representation is also not minimal representation. The advantage of Plucker coordinate representation is that it is homogeneous: Lp (m, d) represents same line as Lp (km, kd), where k e 1?
Intersection of Lines
Let's defme two lines in Plucker coordinates given by La = (ma, da) and Lb = (mb, db) (6) The intersection point of two intersection lines can be expressed as
where r indicates the intersection point.
Dual Numbers
In analogy with a complex number a dual number can be defmed as: (8) where u and U o are real number and E 2 = O. Dual numbers can be used to express Plucker coordinates. Let's defme the orientation vector (u) and the moment vector (U o ) given by (9) Then, the line which is defmed in Plucker coordinates using dual numbers can be expressed as
Quaternions are hyper-complex numbers of rank 4, constituting a four dimensional vector space over the field of real numbers [21] . A quaternion can be represented as (11) where q o is a scalar and qv = (q v q 2, q3) is a vector. A quaternion with qv = 0, is called as a real quaternion, and a quaternion with q o = 0, is called as a pure quaternion (or vector quaternion). Addition and multiplication of two quaternions can be expressed as
where " ® ", ".", "x" denote quaternion product, dot product and cross product respectively. Conjugate and norm of the quaternion can be expressed as IlqW = q®q* = q � + q f + q � + q � (14) When IlqW = 1, we get a unit quaternion. The inverse of a quaternion can be expressed as and (15) that satisfies the relation q-l ® q = q®q-l = 1. For a unit quatemion we have q-l = q*. Unit quatemion can be defmed as a rotation operator [22] . Rotation about a unit axis n with an angle 8 can be expressed as q = (c os (�), sin (�)n)
A dual-quatemion can be defmed as
where q o = q o + Eq8 , is a dual scalar, qv = qv + E q �, is a dual vector, q and q O are both quatemions, E is the dual factor. Addition and multiplication of two dual-quatemions can be expressed as
where " ® " and "0" denote quaternion and dual-quaternion product respectively. Conjugate, norm and inverse of the dual-quatemion are similar with quaternion. They can be expressed as
When IlqW = 1, we get a unit dual-quatemion. For unit dual-quatemion these equations can be written given by IIql1 2 = q0q* = 1 and
We can use unit dual-quatemion for general rigid transformation [18] . This transformation is very similar with pure rotation; however, not for a point but for a line. A line in Plucker coordinates (Lp(m, d )) can be expressed by using dual quatemions given by (23) After transformation of L a (rotation and t: translation) we obtain a transformed line
Transformation of a line can be expressed as,
1 mb = q®ma®q* + "2 (q®la®q*®t* + t®q®la®q*)
If we defme a new quaternion q' = i t®q (t is translation) and a new dual quaternion q = q + Eq' , we can express the transformation of a line given by lb + Emb = (q + Eq")0(l a + Em a)0(q* + Eq' * ) (25) 453 III. SCREW THEORY
The elements of screw theory can be traced to the work of Chasles and Poinsot in the early 1800s. According to Chasles all proper rigid body motions in 3 -dimensional space, with the exception of pure translation, are equivalent to a screw motion (see fig. 2 ), that is, a rotation about a line together with a translation along the line [23] .
The general screw motion operator can be represented by using dual-quaternion as follows: where
where i = 1,2 ....... n.
Formulation of rigid motion:
Using (18) we can write multiplication of the dual-quaternion for n-DOF robot manipulator as follows:
Rotation and translation can be written as follows:
Let q l = (q l 0' qlV) and q� = (0, q � v) be the fIrst robot arm's orientation and position informations. Then we can write position and orientation of the fIrst robot arm in dual quatemion form given by
The second robot arm position and orientation can be defmed (30) by using point symmetry given by Using the equation (7), the position of the end effector can be expressed as
where "x", "." are cross and dot product respectively.
B. Inverse Kinematic
Paden-Kahan subproblems are used to obtain the inverse kinematic solution of robot manipulators. There are some main Paden-Kahan subproblems and also new extended subproblems [15] , [25] , [26] . We will use just three of them which occur frequently in inverse solutions for common manipulator design. To solve the inverse kinematics problem, we reduce the full inverse kinematics problem into appropriate subproblems. Solution of the inverse kinematics of serial robot arm can be seen in [18] . . 3 a closed chain mechanism combines two serial-robot arms. If both robot arms position and orientation can be determined appropriately, closed-chain robot kinematic problem can be reduced into a serial robot arm kinematic problem. Then it can be solved more easily by using serial arm's kinematic solutions.
In this paper, two different methods are used to determine both of the robot arms' trajectories. In the fIrst one, a path is determined for an object (ball). Then appropriate positions and orientations of two robot arms determined for each step of cooperative working. Inverse kinematic solutions are obtained for each step and cooperative working is done. In the second one, a path is determined for the fIrst robot arm. Then the second robot arm path is determined by using fIrst robot arm's position and orientation. Point symmetry method is used to obtain position and orientation of the second robot arm. The point symmetry method can be formulated as follows:
where A is the distance vector between the fIrst and the second robot arms' end effectors. In this case the fIrst robot arm works as a master and the second robot arm works as a slave. 
VI. SIMULATION RESULTS
Simulation studies are made for Staubli TX60 serial robot manipulator. This series robots feature an articulated arm with 6 degrees of freedom for high flexibility. Matlab is chosen for simulations and animation applications are performed by using virtual reality toolbox of Matlab. Also Staubli TX60 iges fIle which can be freely obtained from Staubli's web page is used for animation application.
Two animation applications which are shown in fIgures 4 and 5 are performed. In the fIrst one two robot arms carry a ball from its initial position to the desired target position as shown consecutively in fIgure 4. To implement this case, fIrst a path is determined for the ball. Then the inverse kinematic of serial robot arm is solved by using this path for both of the robot arms. In the second case, a master-slave mode working is performed. The fIrst robot arm which has a ball at the end effector moves by a given path and the second robot arm follows the tip point of the fIrst robot arm as shown consecutively in fIgure 5. To implement this case, fIrst a path is determined for the fIrst robot arm. Then the orientation and the position data of the fIrst robot arm is sent to the second robot arm and inverse kinematics of second robot arm is solved by using these data. The fIrst robot arm which sends its position and orientation data works as a master and the second robot arm which follows the tip point of the fIrst robot arm works as a slave.
�;
.... 
455
The dual-quatemion is the most compact and computationally efficient dual operator to express screw displacement. Here a comparative study is given for dual quatemion and homogenous transformation matrix based solutions. Figure 6 shows the total number of calculation of rigid transformation for dual-quaternion and homogenous transformation matrix. Figures 7 and 8 show the computation time of the forward and inverse kinematic algorithms. The computation time is evaluated using Matlab's tic-toc commands on a Core 2 Duo 2.2 GHz PC with 2 GB RAM c: 0
.Cl • Dual-Quat. In order to verify the trajectory tracking method we made a trajectory tracking application. Firstly, a circular trajectory is determined on the x, z coordinates plane for the master robot arm. Then, the slave robot's trajectory is determined by using master robot's trajectory and the point symmetry method. Trajectory tracking results are shown in figures 9 and 10. As it can be seen from the Figures 9 and 10 , a satisfactory singularity free trajectory tracking application is implemented. Distance on the coordinate x (mm) 
VII. CONCLUSION
In this paper, a singularity free inverse kinematic solution method of serial robot manipulators is implemented to the cooperative working of two industrial robot manipulators_ This solution method is based on screw theory and quatemion algebra. Compared with other methods, screw theory methods just establish two coordinates, and its geometrical meaning is obvious_ And also screw theory with dual-quatemion method is the most compact and efficient way to express screw displacement. As the complexity and the degrees of freedom of the system increase, screw theory with dual-quatemion method gives better results since these systems have much more singularity points, computational loads and complex geometrical structure. Therefore, the wider use of the screw theory based methods with dual-quaternion in robot kinematic studies has to be considered by robotics community_
In the future works, collision free path planning of multi arm robot systems should be studied by using this formulation method. In addition, velocity and dynamic analysis based on screw theory with quatemion algebra should be studied. 
